Wavelets and Continuous Wavelet Transform by Veta Buralieva, Jasmina
Main resultsAbstract
B. Wavelets
C. Basic operations
Wavelets and Continuous Wavelet Transform
Jasmina Veta Buralieva
University Goce Delcev / Faculty of Computer Sciences, Stip, Republic of Macedonia
D. The continuous wavelet transform
Example1. (Haar Wavelet)   Example 2. (Mexican Hat Wavelet) Example 3. (Convolution) 













1or  0   ,0
1
2
1
   ,1
2
1
0    ,1
)(
xx
x
x
x
                222
2
2
22
 1)(
xx
exe
dx
d
x

              
etHaar wavel a is  where
,*)(           
2

 xex   
      
Figure 1. Haar Wavelet        Figure 2.  Mexican hat wavelet   Figure 3. Convolution of the  
    Haar  wavelet and 
2
 )( xex  . 
 
 
- The continuous wavelet transform 
W  of )(
2 RLf  , where     and   },0{\
__
R bRa   
denotes complex conjugate is defined as 
   dt
a
bt
tfabafW
R
 




 


___
21
)(),(    . 
- Family of wavelets   R , bRa
a
bt
atba 




 


}0{\ ,)( 
21
,   
- Other forms -   abba DTffbafW ,,),( ,  . 
   
Figure 6.   Signal with four frequencies             Figure 7.   Wavelet transform of the signal  
 
- Translation  operator - )()( xtftfTx              
- Dilatation operator - )()( 1
21
xafaxfDa
 .       
    
a)                                         b) 
Figure 4.  Translated function  Figure 5. Dilatation of the function a)  by factor 2 b)  by factor 1/2 
 
 
Problem 1. If  )(1 x and )(2 x  are two wavelets then for Ra , )(1 xa and )()( 21 xx     
    are wavelets. 
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Problem 2. Let    and   are wavelets and let )(, 2 RLgf  , for C,   . Prove the relations: 
a)   ),(),(),( bagWbafWbagfW         , 
b)   ),( ),( xbafWbafTW x   , Rc . 
c)   )/,/(),( sbsafWbafDW s   , 0s  . 
d) 0  ),,1(),(  aabaWbafW f . 
e)    ),,(),(),(
____
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   f) ),(),( xabafWbafW
xT
  , Rx . 
g) 0  ),,(1),(  xbacfWxbafW
xD 
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Problem 3. Compute the wavelet transform of the signal xxf sin)(   using the Haar  wavelet. 
Solution:    
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Figure 8. a) Signal xxf sin)(  ,                 
. 
 
20 10 10 20
1.0
0.5
0.5
1.0
Introduction
 
- )(2 RL   is a wavelet if    0
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- )(2 RL  is  a wavelet  if satisfy the admissibility condition  
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    Lemma 1.  Let )(t  be a nonzero n-times ( 1n ) differentialble  
         functions  such  that )()( 2)( RLxn  .   Then )()( )( xx n   is a wavelet. 
 
    Corollary 2.  For every non-zero element )()( 2 RLx   with compact  
  support,  the following statements  are equivalent: 
1. The function )(t  is a wavelet 
2. The admissibility condition is satisfied. 
 
     Theorem 3. Let  be a wavelet and   a bounded integrable function   
   then the convolution     is a wavelet. 
 
Wavelet transform or wavelet analysis is a recently developed 
mathematical tool for signal analysis. In this paper are shown some 
relation for the wavelet transform and using Wolfram Mathematica 10 
is given the wavelet transform of the signal xxf sin)(  . A prove that 
multiplication of real number with wavelet and sum of two wavelets are 
wavelets is also provided.  
 
 
Wavelets have been around since the late 1980s, and have found 
many applications in signal processing, numerical analysis, operator 
theory, and other fields. In 1982, the French geophysicist Jean 
Morlet introduced the concept of a “wavelet”, which means a small 
wave and studied wavelet transform as a  new tool for seismic 
signal analysis. The wavelet transform is a tool that cuts up data or 
functions or operators into different frequency components, and 
then studies each component with a resolution matched to its scale. 
Wavelets have generated significant interest from both theoretical 
and applied researchers over the last few decades. In areas such as 
time-series analysis, approximation theory and numerical solutions 
of differential equations, wavelets are recognized as powerful 
weapons not just tools.    
 
A. Spaces of functions
- Hilbert space  )(2 RL  with    
R
dttgtfgf )()(,  .     
-  Fourier transform of  )(2 RLf    is    


 .)()(ˆ dtetff ti  
- ]),([2 baC  -  the space of functions  with continuous derivatives 
up to order 2.  
 
- Convolution of  )(, 1 RLgf   is     
R
dyyxgyfxgf )()()( . 
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  b) Wavelet   transform of the signal  
 
